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An algebra A admits a strong covering degeneration to the alge-
bra A(R/G), provided “it can be covered by the category R via an
almost Galois G-covering of integral type” (Theorem 2.6 and Corol-
lary 2.6). We also prove that for a degeneration of the covering
functors F 1 : R → A1 to F 0 : R → A0, the endomorphism algebra
EndA0 (F
0
λ(N)) is a degeneration of the algebra EndA1 (F
1
λ(N)), for
any ϕ-invariant module N in mod R , provided they have the same
k-dimension (see Theorem 3.1). Finally, for an almost Galois G-
covering F 1 of integral type, F 1λ(
gN) ∼= F 1λ(N) for all g ∈ G , under
some conditions on N in mod R (Theorem 3.4 and Corollary 3.4).
In consequence, the stability of the module variety dimensions un-
der a strong covering degeneration process holds for some special
dimension vectors (Theorem 3.5).
© 2012 Elsevier Inc. All rights reserved.
Introduction
The concept of degeneration of algebras was introduced more than one hundred years ago.
It was intensively used to study various problems concerning geometry of the variety algd(k) of d-
dimensional algebras; in particular, classiﬁcation of orbits, description of irreducible components and
so on. In 1975 Gabriel [17] discovered that it can be also applied to investigation of module categories.
Recall that one of the most important problems of modern representation theory of ﬁnite di-
mensional algebras (associative with unit) is to classify all indecomposable representations for an
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namely, that of determining representation type for A. The natural way of studying representation
type of an individual algebra A require usually a detail knowledge on the structure of the category
mod A formed by all ﬁnite dimensional A-modules, in particular, the description of indecomposable
objects in mod A. However, when indecomposables are not known, one can apply sometimes an alter-
native method using degenerations. Originally, it followed as a conclusion from [17, Theorem], which
says that the algebras of ﬁnite type form an open set in the variety algd(k). Therefore, if an algebra A
admits a (geometric) degeneration A¯, which is of ﬁnite representation type, then A itself is of ﬁnite
representation type. The analogous fact for degenerations in the tame situation is also valid and it was
proved by Geiss and Crawley-Boevey in [20,4] (openness of the set of all tame algebras still remains
only a conjecture!).
An application of degenerations for determining the representation type of an algebra A, especially
in the tame case, allows to obtain interesting results (see [4,24,28]). However, this method gives no
information on the structure of mod A. Generally, the difference in the structure of module categories
for A and A¯ can be very substantial (see e.g. the case A = k[T ]/(T 2) and A¯ = k × k). The main idea
of this paper is to distinguish certain natural class of degenerations, for which the differences are
reasonably small, also with respect to some invariants concerning the respective module varieties.
Some hint we try to follow yields the representation ﬁnite case. In this situation each (nonstan-
dard) algebra A admits a degeneration to its standard form A¯ and these two algebras have not only
the same representation type but also the same Auslander–Reiten quivers; moreover, the Auslander
algebra of A¯ is isomorphic to the associated graded algebra of that for A with respect to the ﬁltra-
tion given by the Jacobson radical in mod A (see [2]). On the other hand these two algebras admit
“group-like” covering functors by the same locally bounded category (with the same group acting on
it). More precisely, our degeneration (indicated symbolically by A A¯ below) can be “build into the
triangle” of the form
A˜
F F¯
A  A¯ = A˜/G
()
where A˜ is a locally bounded k-category equipped with a free action of the group G ⊆ Autk-cat( A˜)
on ob A˜ such that A¯ is isomorphic to the orbit category (quotient) A˜/G of A˜ by G , F¯ : A˜ → A˜/G
is a Galois covering functor with the group G given by the natural projection and F : A˜ → A is a
certain covering functor which commutes with automorphisms from G only on objects. (We identify
for simplicity algebras with the corresponding ﬁnite locally bounded categories, see 1.1.) Moreover, the
functor F has nice properties, very close to these of almost Galois coverings of integral type introduced
in [9] (see 1.3).
In this paper we investigate the class of degenerations A1 A0 of algebras (given by a geometric
family {Ax}x∈X of algebras over the variety X ; in fact, of ordered locally bounded categories, see 1.4),
for which we can build up the triangle () consisting of a pair of G-covering functors F 1 : R → A1
and F 0 : R → A0 (see 1.1), which can be additionally “ﬁlled in” with a geometric family {F x : R →
Ax}x∈X of covering functors, satisfying the conditions analogous to those for degeneration of algebras:
F x ∼= F 1 for all x ∈ U , where U is dense in X , and F x0 ∼= F 0 for some x0 ∈ X . Observe that this setup
creates possibilities of posing questions like “What happens with an individual A1-module M under
the degeneration process”. (It makes sense especially for M = F 1λ(N), where N is in mod R .)
To formalize the concept intuitively presented above, we introduce a system of notions concerning
the so-called geometry of functors; in particular, a geometric family of functors between locally bounded
categories and a degeneration of functors (resp. G-functors and coverings, see 2.1–2.5). We discuss in a
detailed way various aspects and special properties (continuity, G- and ϕ-invariance) of these notions,
and ﬁnally formulate the deﬁnition of covering and strong covering degeneration of algebras (2.6).
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functor F : R → R ′ of integral type admits “the best possible” degeneration to the canonical Galois
covering functor F¯ : R → R/G . As a consequence we obtain that an algebra A always admits a strong
covering degeneration to the algebra A(R/G) associated with the quotient category R/G , provided “it
can be covered by the category R via an almost Galois G-covering of integral type” (see Corollary 2.6).
Afterwards, we study the importance and meaning of the ϕ-invariance condition for degenerations
of covering functors. We prove certain generalization of Bongartz and Gabriel result [2, Corollary 5.2],
which says that for a degeneration of the covering functors F 1 : R → A1 to F 0 : R → A0, the endo-
morphism algebra EndA0 (F
0
λ(N)) is a degeneration of EndA1 (F
1
λ(N)) for any ϕ-invariant module N
in mod R , provided these two algebras have the same k-dimension (see Theorem 3.1). In particular,
EndA1 (F
1
λ(N)) has at most so “complex representation type” as EndA0 (F
0
λ(N)) does. Due to Theo-
rem 2.6, this result has natural application in the situation when F 1 is an almost Galois G-covering of
integral type (Corollary 3.1). One shows also that ϕ-invariance of a single R-module implies automat-
ically ϕ-invariance of all modules from the connected component of the Auslander–Reiten quiver of
R containing this module, and that each component which contains a simple, projective or injective
module has this property (Proposition 3.3 and Corollary 3.3).
The degeneration of functors approach is also useful for proving certain purely algebraic properties
of covering functors F 1, which seemed to be very diﬃcult to prove directly, if we looked at F 1 as at an
“isolated” functor. It occurs that sometimes, if we incorporate F 1 into a family deﬁning (ϕ-invariant)
degeneration of F 1 to the functor F 0, which has already a property (•), then (•) follows relatively
easily also for F 1. Applying this technique, we prove that for an almost Galois G-covering F 1 of inte-
gral type, the equality F 1λ(
gN) ∼= F 1λ(N) always holds for all g ∈ G , provided N in mod R satisﬁes some
technical condition (see Theorem 3.4, Corollary 3.4 and Remark 3.1, cf. also [9]). As a consequence,
we obtain Theorem 3.5, which for certain strong covering degenerations yields an information, more
precise than this in [10, Theorem 2.2], on the stability of the module variety dimensions under the
degeneration process, for some dimension vectors. (Recall that we have always inequality 1.5.)
The authors would like to thank the referee for the comments and suggestions, which contributed
to improvements in the presentation of the results.
1. Preliminaries and notation
We will use here mainly the language of locally bounded categories. Therefore we brieﬂy recall
basic notions.
Throughout the paper k will always denote an algebraically closed ﬁeld.
1.1. Let R be a k-category (each set R(v,w) of morphisms from v to w in R , v,w ∈ ob R , is a
k-linear space and composition of morphisms in R is k-bilinear). Then R is called locally bounded,
if all objects of R have local endomorphism rings, the different objects are nonisomorphic, and the
sums
∑
w∈R dimk R(v,w) and
∑
w∈R dimk R(w, v) are ﬁnite for each v ∈ R (see [2,18]). Note that
for locally bounded categories R , R ′ , any full, faithful, dense functor F : R → R ′ is always invertible.
Consequently, R and R ′ are equivalent if and only if they are isomorphic (we write then R  R ′).
For any category R as above we always denote by J (R) the Jacobson radical of R and, if S is
a subcategory of R , by Ŝ the full subcategory of R formed by all v ∈ ob R such that R(v,w) 	= 0
or R(w, v) 	= 0, for some w ∈ ob S . By an R-module M we mean a k-linear contravariant functor
from R to the category of all k-vector spaces. We say that M is locally ﬁnite dimensional (resp., ﬁnite
dimensional) if all k-vector spaces M(v), v ∈ ob R , are ﬁnite dimensional (resp., additionally almost
all of them are equal to the zero space). We denote by MOD R the category of all R-modules and
by Mod R (resp., mod R) the full subcategories formed by all locally ﬁnite dimensional (resp., ﬁnite
dimensional) R-modules.
For any M in Mod R (resp., mod R) by the dimension vector (resp., dimension) of M we
mean the collection dimk M = (dimk M(v))v∈ob R ∈ Nob R (resp., the integer number dimk M =∑
v∈ob R dimk M(v) ∈ N) and by the support of M the set suppM = {v ∈ ob R: M(v) 	= 0}. The cate-
gory R is called locally support ﬁnite, if for every v ∈ ob R , the union of all suppM , for indecomposable
modules M from mod R with M(v) 	= 0, forms a ﬁnite set.
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With any ﬁnite locally bounded category R we can associate a ﬁnite dimensional basic algebra
A(R) =⊕v,w∈Ob R R(v,w), with the multiplication induced by the composition in R . It is clear that
we always have the equivalence mod A(R)  mod R of module categories, where mod A denotes the
category of all ﬁnite dimensional A-modules for any algebra A. Conversely, if A is a basic ﬁnite dimen-
sional algebra then for any complete collection e = (e1, . . . , en) of primitive orthogonal idempotents in
A, the full subcategory R(A, e) of mod A formed by the set {e1A, . . . , en A} consisting of indecompos-
able projective A-modules is locally bounded. Clearly we have obvious isomorphisms A ∼= A(R(A, e))
of algebras and R  R(A(R), e) of locally bounded categories respectively, where e consists of all
identities idv , v ∈ ob R .
In a natural way one extends for locally bounded categories the notions of representation types:
ﬁnite, tame and wild; moreover, similarly as for algebras the tame–wild dichotomy is valid true (see
[15,16,3]).
1.2. Let R and R ′ be a pair of locally bounded k-categories. Recall [2] that a functor F : R → R ′ is
called a covering functor if F is dense and for any pair of objects v ∈ ob R and a ∈ ob R ′ , F induces
k-isomorphisms
a f
v :
⊕
w∈F−1(a)
R(v,w)
∼=−→ R ′(F (v),a) (∗)
and
v fa :
⊕
w∈F−1(a)
R(w, v)
∼=−→ R ′(a, F (v)). (∗∗)
Given a covering functor F : R → R ′ one can study interrelations between the module categories
MOD R and MOD R ′ by using the pair of functors
MOD R
Fλ−→←−
F•
MOD R ′
where F• :MOD R ′ →MOD R is the “pull-up” functor associated with functor F , assigning to each X in
MOD R ′ the R-module X ◦ F , and the “push-down” functor Fλ :MOD R →MOD R ′ is the left adjoint to
F• (see [25]). The R-module Fλ(N), for N in MOD R , is deﬁned as follows:
Fλ(N)(a) =
⊕
v∈F−1(a)
N(v)
for a ∈ ob R ′ , and
Fλ(N)(α) =
[
N
(·
vαw
)] : ⊕
v∈F−1(a)
N(v) →
⊕
w∈F−1(b)
N(w)
for α ∈ R ′(b,a), where ∑w∈F−1(b) F (·vαw) = α, for v ∈ F−1(a).
Clearly, we have F•(mod R ′) ⊂Mod R and Fλ(mod R) ⊂mod R ′ .
Let G ⊆ Autk-cat(R) be a group of k-linear automorphisms of a locally bounded k-category R . Then
G acts also on the category MOD R by translations g(−), which assign to each M in MOD R the R-
module gM = M ◦ g−1. Given M in MOD R , we set GM = {g ∈ G: gM  M}.
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functor F : R → R ′ is called a G-functor, if F−1(a) is G-invariant and is transitive, for every a ∈ ob R ′ .
Moreover, it is called a G-covering if it is a covering functor, which is simultaneously a G-functor.
Note that in this situation we can identify ob R ′ with a ﬁxed set (ob R)0 of representatives of G-orbits
from (ob R)/G . Moreover, the isomorphisms (∗) and (∗∗) have the form ⊕g∈G R(v¯, gw¯) ∼= R ′(v¯, w¯)
and
⊕
g∈G R(gw¯, v¯) ∼= R ′(w¯, v¯), respectively, where v¯, w¯ ∈ (ob R)0.
Recall that for G as above there exists one distinguished G-covering functor. Namely, we can al-
ways form the quotient (orbit category) R/G , which is again locally bounded (we set ob(R/G) =
(ob R)/G , the morphism spaces are deﬁned in terms G-orbits of morphisms in R , see [2,18] for the
precise deﬁnition). Then the natural projection yields a G-covering functor F¯ : R → R/G such that
F¯ ◦ g = F¯ for all g ∈ G , called a canonical Galois covering.
Galois covering functors have nice properties and are well understood. In particular, for any N
in MOD R we have isomorphisms F¯λ(N) ∼= F¯λ(gN), F¯• F¯λN ∼=⊕g∈G gN , and for any indecomposable
N,N ′ in mod R , F¯λ(N) ∼= F¯λ(N ′) yields an isomorphisms N ′ ∼= gN , for some g ∈ G . Moreover, if G
acts freely on indecomposables, i.e. GM = {idR} for all indecomposable objects in mod R (always, in
case G is torsion-free), then F¯λ preserves indecomposability. There exists many results concerning the
behavior of Galois coverings with respect to preserving representation type in some speciﬁc situations
(see [18,13,12,14], also [5–7]).
In this paper we usually assume that G has a ﬁnite number of orbits in ob R .
1.3. Recently in [9], it was introduced and investigated certain class of G-coverings, more general
then the Galois one. They are called almost Galois coverings of integral type and seem to be important
in the context of better understanding the behavior of nonstandard algebras. Below we present a little
bit different deﬁnition of them, which is equivalent but more handy than the original one (cf. [9,
Deﬁnition 2.2], [10, 3.1]).
Let G ⊆ Aut(R) be a group of k-automorphisms acting freely on ob R and (ob R)0 a ﬁxed set of rep-
resentatives of G-orbits in ob R . If p : G → Z is a surjective group homomorphism then the set (obR)0
yields a G-invariant Z-graduation |(−)| on the morphisms of R: for σ ∈ R(g v¯,hw¯) with v¯, w¯ ∈ (obR)0
we put |σ | := p(g) − p(h). Clearly, we have |τσ | = |τ | + |σ | and |s(σ )| = |σ | for all σ ∈ R(v,w),
τ ∈ R(w,u) and s ∈ G . Note that if |(−)|′ is a graduation deﬁned by another set of representatives of
the G-orbits in ob R and σ ∈ R(v,w), τ ∈ R(w1,u1) with v and v1, respectively, w and w1 from the
same G-orbits, then |σ | − |τ | = |σ |′ − |τ |′ .
Recall that homomorphism p induces on G the canonical structure of an ordered group (G,),
where g1 ≺ g2 if and only if p(g1) < p(g2), for g1, g2 ∈ G . Moreover, a free (resp. an abelian free)
group admits a standard homomorphism p (free generators are mapped to 1).
Let F : R → R ′ be a G-covering functor. For any v ∈ ob R , b ∈ ob R ′ and g ∈ G , we denote by bφ(v,g)
the k-isomorphism
bφ
(v,g) := (b f v)−1 ◦ b f gv : ⊕
w∈F−1(b)
R(gv,w) →
⊕
w ′∈F−1(b)
R
(
v,w ′
)
F is said to be an an almost Galois covering of integral type (with the group G) if G admits a surjective
homomorphism p as above such that for any σ ∈ R(gv,w) the homogeneous coordinates presenta-
tion
bφ
(v,g)(σ )
(= (b f v)−1(F (σ )))=∑
w ′
τw ′
of bφ(v,g)(σ ) has the following shape: τg−1w = g−1(σ ) and |τw ′ | > |σ | if τw ′ 	= 0, for all w ′ ∈ F−1(b)\
{g−1w}, where τw ′ ∈ R(v,w ′) (in particular, τhg−1w = 0 for each nontrivial h ∈ Ker p). In the above
we identify an element in R(v,u) with its image under the canonical inclusion in
⊕
u∈F−1(b) R(v,u).
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bφ
(v,g)(σ ) = g−1(σ ) +
∑
i>|σ |
τi (∗)
where τi =∑|τw′ |=i τw ′ , for i ∈ Z. It is easily seen that it can be required only for v = v¯ ∈ (ob R)0.
One shows that the deﬁnition does not depend on the choice of the set (ob R)0.
For any a,b ∈ ob R ′ and i ∈ Z, we denote by R ′(a,b)i the subspace of the k-space R ′(a,b), gener-
ated by the elements of the form F (σ ) with σ ∈ R(v¯, gw¯) such that |σ | = −p(g) = i. The elements α
in R ′(a,b)i will be called homogeneous of degree |α| := i. Clearly, we have R ′(a,b) =⊕i∈Z R ′(a,b)i .
If β ∈ R ′(a,b) and β = βi1 + · · · + βin , where βi j are non-zero homogeneous elements then we set|β| :=max{|βi j |: j = 1, . . . ,n} (we assume that |0| = ∞).
Lemma. If α ∈ R ′(a,b) and β ∈ R ′(b, c) are homogeneous morphisms, then |β ◦ α| |α| + |β|.
Proof. We may assume that α = F (σ ) and β = F (τ ), with σ ∈ R(v¯, gw¯) and τ ∈ R(w¯,hu¯), where
F (v¯) = a, F (w¯) = b and F (u¯) = c. We have g(τ ) · σ ∈ R(v¯, ghu¯), so F (g(τ ) · σ) is a homogeneous
morphism in R ′(a, c). Thus F (g(τ ) · σ) = F (g(τ )) ◦ F (σ ) and
F
(
g(τ )
)= c f gw¯(g(τ ))= (c f w¯ cφ(g,w¯))(g(τ ))= F(τ + ∑
u′ 	=hu¯
ρu′
)
= F (τ ) +
∑
u′ 	=hu¯
F (ρu′).
Here ρu′ ∈ R(w¯,hu′ u¯), with |ρu′ | > |τ | if ρu′ 	= 0. Therefore the elements F (ρu′) are homogeneous
morphisms in R ′ with |F (ρu′)| > |τ | = |β|, if ρu′ 	= 0. Then putting γi := −∑|u′|=i F (ρu′ ) (∈ R ′(b, c)i),
we obtain
β ◦ α = F (g(τ ) · σ )+∑
i∈Z
γi ◦ α. (∗∗)
Let m0 be the integer such that R ′(b, c)m0 	= 0 and R ′(b, c)i = 0 for i >m0. (Clearly, R ′(b, c)i = 0 for
almost all i, since dimk R ′(b, c) is ﬁnite.) Now the assertion of the lemma follows easily by induction
on m0 − |β|, using (∗∗). 
We have the following immediate consequence of the considerations above.
Corollary.With the notation from the proof
β ◦ α = F (g(τ ) · σ )+∑
i∈Z
γi
where γi ∈ R ′(a, c)i for all i and |γi | = i > |σ | + |τ |, if γi 	= 0.
The most signiﬁcant example of an almost Galois covering is connected to the classical nonstan-
dard algebra of ﬁnite representation type considered by Riedtmann (see [10, Example 2.3] for details).
For the beneﬁt of the reader we provide below also another natural example, which deals with the
inﬁnite representation type case, in contrast to the previous one.
Example. Let y ∈ k \ {0,1} be ﬁxed parameter and (Q , I), (Q , I ′) a bounded quivers, where
Q : ◦α
γ
◦′ β
δ
144 P. Dowbor, A. Hajduk / Journal of Algebra 357 (2012) 138–167I = 〈α4,α3γ , δα3,α2 − γ δ, yβ2 − δγ ,αγ − γ β,βδ − δα〉 and I ′ = 〈α4,α3γ , δα3,α2 − γ δ − α3,
yβ2 − δγ ,αγ − γ β,βδ − δα〉 (cf. [1]). The fundamental group G = Π1(Q , I) of (Q , I) is an inﬁ-
nite cyclic group generated by the homotopy class [α] of the closed path deﬁned by the arrow α; the
universal covering (Q˜ , I˜) of (Q , I) is given by the quiver
Q˜ : · · · −1 α˜−1
γ˜−1
0
α˜0
γ˜0
1
α˜1
γ˜1
2 · · ·
· · · (−1)′ β˜−1
δ˜−1
0′
β˜0
δ˜0
1′
β˜1
δ˜1
2′ · · ·
and the ideal I˜ = 〈{α˜nα˜n+1α˜n+2α˜n+3, α˜nα˜n+1α˜n+2γ˜n+3, δ˜nα˜n+1α˜n+2α˜n+3, α˜nα˜n+1 − γ˜n δ˜n+1, yβ˜nβ˜n+1 −
δ˜nγ˜n+1, α˜nγ˜n+1 − γ˜nβ˜n+1, β˜n δ˜n+1 − δ˜nα˜n+1: n ∈ Z}〉, where w◦ = α, w◦′ = γ , n = [αn+1], n′ = [αnγ ],
α˜n = (n,α) = (α,n+ 1), β˜n = (n′, β) = (β, (n+ 1)′), γ˜n = (n, γ ) = (γ , (n+ 1)′), δ˜n = (n′, δ) = (δ,n+ 1)
for n ∈ Z (see [26] for the deﬁnitions).
We deﬁne the functor
F : R(Q˜ ) → R(Q , I ′)
from the path category of Q˜ to the category of the bounded quiver (Q , I ′), setting F (α˜n) := α + I ′ ,
F (β˜n) := β + I ′ , F (γ˜n) := γ + cnαγ + I ′ and F (δ˜n) := δ + dnβδ + I ′ , for n ∈ Z, where cn :=  n2  and
dn := −n+12 . It is easily seen that F ( I˜) = 0. Now, one can verify that the functor F ′ : R˜ → R ′ induced
by F , where R ′ := R(Q , I ′) and R˜ := R(Q˜ , I˜) is the category of the bounded quiver (Q˜ , I˜), is an almost
Galois covering functor of the integral type. 
For other interesting examples of almost Galois coverings of integral type we refer to [9, 2.3, 4.1]
and [11].
It was shown [9, Theorem 2.4] that this kind of coverings behave nicely with respect to pre-
serving representation type. Moreover, the associated push-down functor Fλ have often quite similar
properties as in the Galois case (see [9, Theorem 3.1]). Nevertheless, it is not known if always
Fλ(gN) ∼= Fλ(N) for N in mod R and g ∈ G .
1.4. Let R = (R,≺) be a pair such that R is a locally bounded k-category and ≺ a linear order in
ob R . (Any such pair we call an ordered locally bounded k-category.) For R = (R,≺) and R ′ = (R ′,≺′)
as above, we say that R and R ′ are isomorphic (we write then R ≺ R ′) if there exists a full faithful
and dense k-linear functor F : R → R ′ preserving the orders.
We will study ordered locally bounded categories usually only in case ob R is ﬁnite. Note that if
|ob R| = n, then ≺ means simply the selection of pairwise distinct sequence (v1, . . . , vn) of elements
in ob R , where ob R = {v1, . . . , vn}. Clearly, the category R(A, e) as in 1.1, carries a canonical structure
of ﬁnite ordered locally bounded k-category.
For any R as above, we denote by dimk R the so-called dimension vector of R , which by deﬁnition
is the collection dimk R = (di, j) ∈N[n]×[n] , where di, j = dimk J (R)(v j, vi) for i, j = 1, . . . ,n.
Following the original idea of Geiss (see [19]), for any d ∈ N[n]2 we consider the aﬃne variety
lbcd(k) of (ordered) locally bounded k-categories of a ﬁxed dimension d. The set lbcd = lbcd(k) is
formed by structure constants, i.e. the data deﬁning the structure of locally bounded k-categories R
with a ﬁxed object set {1, . . . ,n} and radical spaces J (R)(i, j) = kdi, j , i, j = 1, . . . ,n. More precisely,
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[d j,l], satisfying two groups of equations; the ﬁrst one responsible for associativity of the attached
composition ·c and the second one reﬂecting the property that representable functors on R(c) =
(R(c), ·c) regarded as projective modules are indecomposable nonisomorphic and ﬁnite dimensional,
where R(c) is given by
R(c)( j, i) =
{
k ⊕ kdi, j if i = j,
kdi, j if i 	= j,
for any i, j ∈ ob R(c) (·c is deﬁned on the standard bases in a natural way, see [8] for details).
In fact, lbcd is closed (in the Zariski topology) subset of the aﬃne space AN(d)(k), where N(d) =∑
i, j,l∈[n] di,l di, j d j,l .
Clearly, each R(c) in a natural way is an ordered locally bounded k-category with dimk R(c) = d.
Conversely, for any ordered locally bounded k-category R = (R,≺) with dimk R = d, there exists c ∈
lbcd such that R ≺ R(c). The structure constants c for R are uniquely determined by any choice
of the ordered bases (vsi, j)s∈[di, j ] of the spaces J (R)(v j, vi), i, j ∈ [n], where the order ≺ in ob R =
{v1, . . . , vn} is given by (v1, . . . , vn).
For any d ∈ N[n]2 , the aﬃne variety lbcd = lbcd(k) admits a natural regular action  of the con-
nected aﬃne algebraic group
Hd = Hd(k) =
∏
i, j∈[n]
Gldi, j (k)
which is given by the “base change” and has the property that R(c) ≺ R(c′) holds if and only if
Hd  c = Hd  c′ , for any pair c, c′ ∈ lbcd .
Let R0, R1 be two ﬁnite ordered locally bounded k-categories such that dimk R0 = dimk R1 (=: d).
We say that R0 is a degeneration of R1 if one of the following two equivalent conditions is satisﬁed:
(a) for structure constants c(0), c(1) ∈ lbcd satisfying R(c(0)) ≺ R0, R(c(1)) ≺ R1 the inclusion Hd 
c(0) ⊆ Hd  c(1) holds,
(a′) there exist an aﬃne irreducible variety X and a regular map c : X → lbcd(k) such that R(c(x)) ≺
R1 for all x ∈ U and R(c(x0)) ≺ R0, for some nonempty open subset U ⊆ X and x0 ∈ X .
Let A0, A1 be ﬁnite dimensional basic algebras. We say that A0 is an idempotent rigid degeneration
(shortly, rigid degeneration) of A1 if there exist complete collections e(0) = (e(0)1 , . . . , e(0)n ) and e(1) =
(e(1)1 , . . . , e
(1)
n ) of pairwise orthogonal primitive idempotents for A0 and A1, respectively, satisfying the
following conditions:
(b) dimk R0 = dimk R1, where R0 = R(A0, e(0)), R1 = R(A1, e(1)),
(c) R0 is a degeneration of R1.
Clearly, in the deﬁnition of rigid degeneration of algebras it makes sense to consider only the
algebras A0 and A1, which are basic and have the same dimension. Note that if A0, A1 are (basic)
algebras of the same dimension and A0 is a rigid degeneration of A1 then A0 is a degeneration of
A1 in the sense of classical deﬁnition, which refers to the notion of the variety algs(k) consisting
of structure constants of s-dimensional k-algebras and the algebraic group Gls(k) acting on it (s =
n+∑i, j∈[n] di, j , see [8, Proposition 2.3], also [20,23]).
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radical subspaces J (w, v) ⊆ R(w, v), for all v,w ∈ ob R , where J = J (R). Then for any dimension
vector z ∈Nob R , the set modR(z), by deﬁnition, consists of all collections
(Mαv,w ) ∈
∏
v,w∈ob R,αv,w∈Bv,w
Mz(w)×z(v)(k)
formed by the matrices Mαv,w of the linear structure maps M(αv,w) : M(v) → M(w) with respect to
standard bases for R-modules M such that dimk M = z and M(v) = kz(v) , for every v ∈ ob R . Clearly,
we have the standard action  of the group
G(z) =
∏
v∈ob R
Glz(v)(k)
on modR(z), mapping the pair (C,M) = ((Cv ), (Mαv,w )) ∈ G(z) ×modR(z) into the collection C  M =
(CwMαv,w C
−1
v ) ∈modR(z), and such that M ∼= M ′ if and only if M ′ ∈ G(z)  M .
Recall that if |z| :=∑v∈ob R z(v) < ∞, then modR(z) carries a structure of aﬃne variety. More
precisely, modR(z) is closed in the Zariski topology subset of the (ﬁnite dimensional) aﬃne space
AN(z) = ∏v,w∈ob R,αv,w∈Bv,w Mz(w)×z(v)(k), where N(z) =∑v,w∈ob R z(w)z(v)dimk J (w, v), given by
the equations of the form
Mαw,u Mαv,w =
∑
αv,u
c
αv,u
αw,u,αv,w Mαv,u
for αv,w ∈ Bv,w , αw,u ∈ Bw,u and αv,u ∈ Bv,u , where the structure constants (cαv,uαw,u ,αv,w ) are deﬁned
by the equalities αv,w ·αw,u =∑αv,u cαv,uαw,u ,αv,wαv,u . Moreover, · is then a regular action of a connected
aﬃne algebraic group G(z) on the variety modR(z).
For any z ∈Nob R0 := {z ∈Nob R : |z| < ∞} and t  1 we set
modR(z, t) =
{
M ∈modR(z): dimk EndR M  t
}
.
It is well known [19,20,27] that modR(z, t) is a closed G(z)-invariant subset of the variety modR(z).
Moreover, if R0, R1 is a pair of ﬁnite ordered locally bounded k-categories such that dim R0 = dim R1
and R0 is a degeneration of R1 then
dimmodR1(z, t) dimmodR0(z, t)
for all pairs (z, t).
2. Geometric families of functors and degenerations of coverings
In this section we introduce series of notions concerning the “geometry of functors”, and distin-
guish certain class of degenerations of algebras, the so-called covering degenerations. We illustrate the
meaning of this notion with the example of the class of algebras, which admit almost Galois covering
of integral type (Theorem 2.6).
P. Dowbor, A. Hajduk / Journal of Algebra 357 (2012) 138–167 1472.1. We start by the following deﬁnition.
Deﬁnition. Let X be an aﬃne variety. A ﬁnite k[X]-category Λ is called a locally bounded k[X]-category,
if Λ satisﬁes the following conditions:
(a) obΛ is ﬁnite and different objects are nonisomorphic,
(b) the k[X]-modules Λ(a,b), for a,b ∈ obΛ, are free of ﬁnite rank,
(c) for any a ∈ obΛ, J (Λ(a,a)) is a free k[X]-module and Λ(a,a) has a decomposition Λ(a,a) =
k[X] · ida ⊕ J (Λ(a,a)) into a direct sum of k[X]-submodules,
(d) the collection of subspaces I(a,b) < Λ(a,b), a,b ∈ obΛ, given by the formulas
I(a,b) =
{
J (Λ(a,a)) if a = b,
Λ(a,b) if a 	= b
forms an ideal in the category Λ.
The vector d ∈ NobΛ×obΛ given by the formula d(a,b) = rk I(a,b) we call a rank vector k[X]-
category Λ and we denote it by rkΛ (rkN stands for the rank of a free k[X]-module N).
For any k-category R and X as above one can form the k[X]-category k[X] ⊗k R , by extending the
coeﬃcients from k to k[X]. More precisely, for a pair a,b ∈ obΛ of objects we set (k[X] ⊗k R)(a,b) =
k[X] ⊗k R(a,b) (the composition is deﬁned in an obvious way).
Lemma. Let X be an aﬃne variety.
(i) If Λ is a ﬁnite locally bounded k[X]-category then I = J (Λ).
(ii) If R is a locally bounded k-category then k[X] ⊗k R is a locally bounded k[X]-category.
Proof. (i) Set J = J (Λ), where Λ as above. From the equality J (a,a) = J (Λ(a,a)), for a ∈ obΛ, it
follows that J ⊆ I . To prove the inverse inclusion we show that for a ﬁxed α ∈ I(a,b), the element
idb − αβ is invertible for any β ∈ Λ(b,a), where a,b ∈ obΛ. Since I is an ideal in Λ, the element
αβ belongs to I(b,b) = J (Λ(b,b)), so the element idb − αβ is always invertible, hence we infer that
α ∈ J (a,b). In consequence, I ⊆ J .
(ii) The condition (b) for k[X] ⊗ R is trivially satisﬁed. To show the others set J = J (R) and J ′ =
J (k[X] ⊗k R). Observe ﬁrst that R(a,a) = k · ida ⊕ J (a,a), so k[X] ⊗ R(a,a) = k[X] ⊕ k[X] ⊗ J (a,a)
under the identiﬁcation k[X] = k[X]⊗k · ida . Moreover, we have k[X]⊗ J (a,a) ⊆ J ′(a,a), since J (a,a)
is a nilpotent ideal in R(a,a) and consequently so is the ideal k[X] ⊗ J (a,a) in k[X] ⊗ R(a,a).
Now (d) and (a) follow easily: For α ∈ R(a,b) and β ∈ R(b,a), with different a,b ∈ ob R , the com-
position βα belongs to J (a,a), so we have(∑
g ⊗ β
)
◦
(∑
f ⊗ α
)
∈ k[X] ⊗ J (a,a) (⊆ J ′(a,a)),
and respectively, the equality (∑
g ⊗ β
)
◦
(∑
f ⊗ α
)
= 1⊗ ida
never holds ( f , g ∈ k[X]). Consequently, the family I deﬁned as in (d) for k[X]⊗ R forms an ideal and
a b in k[X] ⊗ R , if a 	= b.
For veriﬁcation of (c), it suﬃces to show that J ′(a,a) = k[X] ⊗ J (a,a), for every a ∈ ob R . Note
that for the standard projection π : k[X] ⊗ R(a,a) → k[X], with kerπ = k[X] ⊗ J (a,a), we have
J ′(a,a)/kerπ ∼= J (k[X]) (= 0), and hence the required equality is proved. 
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(e) for any v ∈ obΛ the sums ∑w∈obΛ rkΛ(v,w) and ∑w∈obΛ rkΛ(w, v) are ﬁnite,
the deﬁnition can be extended to the case of inﬁnite k[X]-categories. The assertions from (i) and (ii)
of the lemma remain still valid.
2.2. There exists a more geometric interpretation of the notion of ﬁnite locally bounded k[X]-
categories.
Lemma. Let X be an aﬃne variety, A a (linearly ordered) ﬁnite set and d = (db,a) ∈NA×A a ﬁxed vector. Then
there exists a bijective correspondence between the class of all locally bounded k[X]-categories Λ satisfying
the conditions:
• obΛ = A,
• rkΛ = d,
• J (Λ)(a,b) = k[X]db,a and Λ(a,a) = k[X] ⊕ J (Λ)(a,a), for all a,b ∈ obΛ;
and the class of all regular maps from X to lbcd(k).
Proof. Let Λ be as above. Set J = J (Λ). For any a,b ∈ A, denote by Bb,a the standard basis of the
free k[X]-module J (a,b) = k[X]db,a .
Let
c = (cr,s,ta,b,c) ∈∏
A
k[X]
where A= {(r, s, t) ∈ [da,b] × [da,c] × [db,c]: a,b, c ∈ A}, be a collection of the structure constants of
the k[X]-category Λ with respect to the selected bases. We deﬁne the regular map
c¯ : X →
∏
A
k
by setting
c¯(x)r,s,ta,b,c = cr,s,ta,b,c(x)
for x ∈ X . We show that c¯(x) ∈ lbcd(k), for any x ∈ X , so c¯ is a regular map from X to lbcd(k).
Fix x ∈ X . Let Λ(x) := k[X]/mx ⊗k[X] Λ be a category such that obΛ(x) = A and Λ(x)(a,b) =
k[X]/mx ⊗k[X] Λ(a,b) for a,b ∈ A, with the composition deﬁned in a natural way. We show ﬁrst
that Λ(x) is a locally bounded k-category.
It is easily seen that Λ(x) is a k-category, and that the mappings
Λ(a,b)  α → (1+mx) ⊗ α ∈ Λ(x)(a,b)
for a,b ∈ A, yield a full and dense functor
π x : Λ → Λ(x)
such that π x(a) = a, for all a ∈ A. Thus, π x( J ) ⊆ J x , where J x = J (Λ(x)). All k[X]-modules Λ(a,b) and
J (a,b) are free, and k[X]/mx ∼= k, so dimk Λ(x)(a,b) = rkΛ(a,b) and the k-algebra Λ(x)(a,a) is local
with J (Λ(x)(a,a)) = π x( J (Λ(a,a))), for every a ∈ A, since by the equality Λ(a,a) = k[X] ⊕ J (Λ(a,a))
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Hence, π x( J ) = J x , and consequently different objects is obΛ(x) are nonisomorphic. In conclusion,
Λ(x) is a ﬁnite locally bounded with obΛ(x) = A and dimΛ(x) = d.
To show that c¯(x) ∈ lbcd(k) note that the images Bxb,a := π x(Bb,a) of the standard k[X]-bases Bb,a
of J (a,b) via π x form bases of the k-spaces J x(a,b), for a,b ∈ A. Moreover, structure constants of the
locally bounded k-category Λ(x) with respect to the bases Bxb,a , a,b ∈ A, are equal to c¯(x), since for
any k[X]-linear combination β =∑db,ai=1 f ibi of the basic vectors b1, . . . ,bdb,a ∈ Bb,a , with coeﬃcients
f1, . . . , fdb,a ∈ k[X], we have
π x(β) = π x
( db,a∑
i=1
f ibi
)
=
db,a∑
i=1
1⊗ f ibi =
db,a∑
i=1
f i ⊗π x(bi)
=
db,a∑
i=1
f i(x) ⊗π x(bi) =
db,a∑
i=1
f i(x)π
x(bi) (∗)
in Λ(x)(a,b), where f¯ denotes the coset f +mx ∈ k[X]/mx for any f ∈ k[X], and then, by deﬁnition,
for any bt ∈ Bc,b and b′r ∈ Bb,a
π x(bt) ◦π x
(
b′r
)= π x(bt ◦ b′r)= π x
( dc,a∑
s=1
cr,s,tc,b,ab
′′
s
)
=
dc,a∑
s=1
cr,s,tc,b,a(x)π
x(b′′s ),
where Bc,a = {b′′1, . . . ,b′′dc,a }; thus, c¯(x) ∈ lbcd(k).
In this way, we constructed the mapping which to any ﬁnite locally bounded k[X]-category
satisfying the required conditions assigns the regular map c¯ : X → lbcd(k). To construct the in-
verse mapping, we assign to a ﬁxed regular map c : X → lbcd(k) the category Λ = Λ(c) such that
Λ(a,b) = k[X]δa,b ⊕ I(a,b), where I(a,b) = k[X]db,a and δa,b is the Kronecker delta for a,b ∈ A. Since
c(x) ∈ lbcd(k), for every x ∈ X , the collection
c˜ = (c˜r,s,ta,b,c) ∈∏
A
k[X]
given by formula c˜r,s,ta,b,c(x) = c(x)r,s,ta,b,c , deﬁnes an associated composition structure on the family I ={I(a,b)}a,b∈A of k[X]-modules, which can be in a canonical obvious way extended to the k[X]-category
Λ = (A, {Λ(a,b)}a,b∈A,◦). Moreover, Λ is locally bounded k[X]-category. The conditions (a)–(c) are
trivially satisﬁed from the deﬁnition. To verify (d) note that clearly I forms an ideal in Λ, and that
for any a ∈ obΛ, I(a,a) is a nilpotent ideal in the algebra Λ(a,a) with nilpotency degree bounded by
da,a , since so is J (R(c(x))(a,a)) for every x ∈ X . Hence, I(a,a) ⊆ J (Λ(a,a)), but J (Λ(a,a))/I(a,a) =
J (Λ(a,a)/I(a,a)) = J (k[X]) (= 0), so I(a,a) = J (Λ(a,a)).
It is easily seen that the deﬁned mappings are mutually inverse and in this way the proof is
complete. 
Remark. If R is a ﬁnite locally bounded k-category with ob R = A and dim R = d then under ﬁxed
selection of bases in the radical spaces for R , the k[X]-category Λ = k[X] ⊗k R corresponds to the
constant map X  x → c(R) ∈ lbcd(k). Clearly, we have the canonical isomorphism Λ(x) ∼= R , for every
x ∈ X .
Corollary. If Λ is a ﬁnite locally bounded k[X]-category with rank vector d, then J (Λ) (= I) is a nilpotent
ideal with the nilpotency degree bounded by |d|.
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the nilpotency degree of J is equal to the maximum of nilpotency degrees of the radicals J x , x ∈ X ,
since the structure constants of the composition in Λ(x) are just values at x of those for Λ. On the
other hand, for any x ∈ X the nilpotency degree of the Jacobson radical J x is bounded by |d|, so |d| is
the required bound. 
2.3. Now we introduce the next important notion.
Deﬁnition. Let X be an aﬃne variety, Λ a ﬁnite locally bounded k[X]-category and R a locally
bounded k-category. Then any k-linear functor F : R → Λ is called a geometric family of functors.
Observe that a geometric family of functors F in a natural way yields the family F (−) = {F (x) : R →
Λ(x)}x∈X of k-functors, deﬁned by the equality F (x) = π x ◦ F , where Λ(x) and π x are as in the proof
of the last lemma. Clearly, we have F (x)ob = Fob for any x ∈ X .
Assume that G ⊆ Autk-cat(R) is a group of linear automorphisms acting freely on ob R . Then we say
that F as above is a geometric family of G-functors, if additionally F is a G-functor. By the observation
above, F is a geometric family of G-functors if and only if F (−) consists of G-functors (in fact, it
suﬃces that F (x) is a G-functor, for some x ∈ X ).
Now we give a characterization of geometric families of functors in terms regular maps. This new
equivalent description is more intuitive and allows to extend the deﬁnition of geometric family of
functors for arbitrary varieties X (see end of 2.3).
Let X be a variety and V a k-linear space (of an arbitrary dimension). We say that a map f : X →
V is regular, if there exists a ﬁnite dimensional subspace V0 of V and a factorization f = w ◦ g , where
g : X → V0 is a regular map and w : V0 → V a canonical embedding. Clearly, in the deﬁnition one
can restrict the selection of V0 to the space generated by f (X), claiming additionally that it is ﬁnite
dimensional. In another equivalent formulation one can admit that w is an arbitrary linear map. In
case V is ﬁnite dimensional, the notion of regularity coincides with the standard one.
Let now X be a variety, V and W linear spaces (not necessarily ﬁnite dimensional). A family of
linear maps ϕ = {ϕx : V → W }x∈X is called a regular family of linear maps, if for any ﬁnite dimensional
subspace V0 ⊆ V , the induced map
ϕ′V0 : X × V0 → W
ϕ′V0(x, v) := ϕx(v), for (x, v) ∈ X × V0, is regular.
Lemma.
(a) For a family ϕ = {ϕx : V → W }x∈X of linear maps the following conditions are equivalent:
(i) ϕ is a regular family of linear maps,
(ii) for any v ∈ V the map ϕ(−)(v) : X → W given by ϕ(−)(v)(x) := ϕx(v) is regular,
(iii) for any aﬃne variety Y the mapping V Y  ψ → ψϕ ∈ W X×Y , where ψϕ(x, y) := ϕx(ψ(y)) for
(x, y) ∈ X × Y , preserves regular maps.
(b) Assume that V and W are ﬁnite dimensional. Then the family ϕ is regular if and only if the induced map
ϕ : X → Homk(V ,W ), ϕ(x) = ϕx for x ∈ X, is regular.
(c) The family {ϕx =⊕u∈U ϕux :⊕u∈U Vu →⊕u∈U Wu}x∈X is regular if and only if all families {ϕux : Vu →
Wu}x∈X , u ∈ U , are regular.
Proof. An easy check on deﬁnitions. 
Proposition. Let R be a locally bounded k-category, and Λ a locally bounded k[X]-category given by a reg-
ular map c : X → lbcd(k), for a ﬁxed d = (da,b)a,b∈A and aﬃne variety X, where A is a ﬁxed ﬁnite set such
that obΛ = A (see Lemma 10.2). Then a family {F x : R → R(c(x))}x∈X of k-functors such that all F xob , x ∈ X,
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tor F : R → Λ, under the identiﬁcation Λ(x) = R(c(x))) if and only if one of the following two equivalent
conditions is satisﬁed:
(i) the family{
F˜ x :=
⊕
v,w∈ob R
F x(v,w) :
⊕
v,w∈ob R
R(v,w) →
⊕
v,w∈ob R
R
(
c(x)
)(
F x(v), F x(w)
)}
x∈X
of linear maps is regular,
(ii) for any v,w ∈ ob R, the map F(v,w) : X → Homk( J (v,w),kdb,a ), F(v,w)(x) := (F x(v,w))| J (v,w) :
J (v,w) → J x( f (v), f (w)), for x ∈ X, is regular in the usual sense, where J = J (R), J x = J (R(c(x))).
Proof. The equivalence (i) ⇔ (ii) follows immediately from the lemma, so we have only to prove that
{F x}x∈X is a family geometric if and only if (ii) holds.
Assume ﬁrst that F x = F (x) (= π x F ), for all x ∈ X , where F : R → Λ is a k-functor. Then for any
v,w ∈ ob R and σ ∈ J (v,w) the map F(v,w) is given by the formula F(v,w)(x)(σ ) = π x(F (σ )). To
verify regularity of F(v,w) we show that for any σ ∈ J (v,w) the induced map F (−)(v,w)(σ ) : X → kdb,a is
regular. The last fact, by the formula above, follows immediately from regularity of mapping
x → π x(α) = (1+mx) ⊗ α ∈ kdb,a
for α ∈ Λ(a,b) (see (∗) in 2.2).
Now assume that for any v,w ∈ ob R the maps F(v,w) are regular, where {F x}x∈X is a given family
of functors as in the statement. We construct the functor F : X → Λ such that F x = π x F , for every
x ∈ X .
By ﬁxing standard bases of free k[X]-modules J (Λ)(a,b), for a,b ∈ A, we have the natural identi-
ﬁcation π of the set J (Λ)(a,b) with the set of all regular maps from X to kdb,a , where
π(α) : X → kdb,a
for α ∈ J (Λ)(a,b), is given by the formula
π(α)(x) = π x(α)
for all x ∈ X .
We deﬁne the functor F by setting
Fob = f
and
F (σ ) = π−1(F(v,w)(−)(σ ))
for any v,w ∈ ob R and σ ∈ J (v,w). Note that by the assumptions, the map F(v,w)(−)(σ ) : X → kda,b
is regular, so the deﬁnition of F (σ ) is correct. The map from J (v,w) to J (Λ)(a,b) deﬁned above is
k-linear for any v,w ∈ ob R , where a = F (v) and b = F (w). It can be uniquely extended to k-linear
map F(v,w) : R(v,w) → Λ(a,b) such that F(v,v)(idv) = ida , if w = v . We show that
F
(
σσ ′
)= F (σ )F (σ ′)
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π
(
F
(
σσ ′
))= π(F (σ )F (σ ′))
as function form X to kdv,u . Applying the deﬁnitions, for any x ∈ X we have
π
(
F
(
σσ ′
))
(x) = F x(v,u)
(
σσ ′
)= F x(w,u)(σ )F x(v,w)(σ ′)
= ππ−1(F(w,u)(−)(σ ))(x)ππ−1(F(v,w)(−)(σ ′))(x)
= π x(π−1(F(w,u)(−)(σ )))π x(π−1(F(v,w)(−)(σ ′)))
= π x(π−1(F(w,u)(−)(σ ))π−1(F(v,w)(−)(σ ′)))
= π(π−1(F(w,u)(−)(σ ))π−1(F(v,w)(−)(σ ′)))(x)
= π(F (σ )F (σ ′))(x)
by functoriality of π x and F x , so the required equality of functions hold true.
Finally note that F x = π x F , since
π x F (σ ) = π x(π−1(F(v,w)(−)(σ )))= π(π−1(F(v,w)(−)(σ )))(x) = F(v,w)(x)(σ ) = F x(σ )
for any v,w ∈ ob R and σ ∈ J (v,w). In this way the proof is complete. 
Remark. (a) The analogue of this result for an arbitrary locally bounded k[X]-category Λ remains
valid, if we replace R(c(x)) by Λ(x) in the formulation.
(b) A family {F x : R → R}x∈X is geometric, in the sense that {F x}x∈X = F (−) for some func-
tor F : R → k[X] ⊗k R , if and only if the family of k-linear maps F˜ x| =
⊕
v,w∈ob R F x(v,w)| :⊕
v,w∈ob R J (v,w) →
⊕
v,w∈ob R J (v,w), x ∈ X , is regular; equivalently, if for each pair v,w ∈ ob R ,
the map X  x → F x(v,w)| ∈ Endk( J (v,w)) is regular, where J = J (R).
Let X be an arbitrary variety and {F x}x∈X be either a family {F x : R → R}x∈X of endofunctors of
a locally bounded k-category R , or a family {F x : R → R(c(x))}x∈X of functors such that F xob = f , for
all x ∈ X , where d is as above, c : X → lbcd(k) is a regular map and f : ob R → A is a ﬁxed function.
Then we say that {F x}x∈X is a geometric family of functors, if the family of k-linear maps induced by F x ,
between the respective homomorphism or radical spaces, satisﬁes one of the equivalent conditions (i)
and (ii) (see also Remark 2.3(b)).
2.4. Let R1, R2,Λ1Λ2 be locally bounded k-categories such that ob R1 = ob R2 and obΛ1 = obΛ2.
We say that two functors F 1 : R1 → Λ1 and F 2 : R2 → Λ2 are isomorphic (we write F 1 ∼= F 2), if
there exist isomorphisms ϕ : R1 → R2 and ψ : Λ1 → Λ2 such that ϕob = idob R1 , ψob = idobΛ1 and
ψ F 1 = F 2ϕ .
For any functor φ : S1 → S2 between locally bounded k-categories we denote by φ• : MOD S2 →
MOD S1 the functor induced by φ, and by φλ :MOD S1 →MOD S2 a ﬁxed left adjoint functor to φ• .
Lemma. For isomorphic functors F 1 , F 2 and isomorphisms ϕ , ψ as above the following hold:
(a) F 1 is a covering functor if and only if so is F 2 ,
(b) F 1• (ψ•M) = ϕ•(F 2•M), for any M in MODΛ2 ,
(c) F 1λ(ϕ•N) ∼= ψ•(F 2λN), for any N in MOD R2 .
Proof. An easy check on deﬁnitions. 
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(a) If g commutes with ϕ then F 1λ(
gN) ∼= F 1λ(N), for all N inmod R, if and only if F 2λ(gN) ∼= F 2λ(N), for all N
in mod R, where g(N ′) := g•(N ′) for N ′ in MOD R.
(b) If ϕ•(N ′) ∼= N ′ for all N ′ in mod R, then ϕ•(gN) ∼= gϕ•(N), moreover, F 1λ(gN) ∼= F 1λ(N) if and only if
F 2λ(
gN) ∼= F 2λ(N), for any N in mod R.
Proof. (a) Follows immediately from the isomorphisms F 1λ(
g(ϕ•N)) = F 1λ(ϕ•(gN)) ∼= ψ•(F 2λ(gN)) and
the isomorphism (c) of the lemma.
(b) The ﬁrst assertion is straightforward, the second follows from the isomorphisms F 1λ(
gN) ∼=
F 1λ(
g(ϕ•N)) ∼= F 1λ(ϕ•(gN)) ∼= ψ•(F 2λ(gN)) and F 1λ(N) ∼= F 1λ(ϕ•N) ∼= ψ•(F 2λ(N)) (apply the ﬁrst one and
(c) from the lemma). 
Deﬁnition. Let F 0 : R → Λ0, F 1 : R → Λ1 be a pair of functors between locally bounded k-categories
such that obΛ0 = obΛ1 and |obΛ1| < ∞. Then the functor F 0 is called a degeneration of F 1, if there
exist an irreducible aﬃne variety X , x0 ∈ X , an open nonempty subset U ⊂ X and a geometric family
F : R → Λ, where Λ is a locally bounded k[X]-category, satisfying the following conditions:
• F 1 ∼= F (x) , for all x ∈ U ,
• F 0 ∼= F (x0)
under some ﬁxed identiﬁcations obΛ1 = obΛ = obΛ0. (We say then that F 1 degenerates to F 0 by F
along X , or that F is a degeneration of F 1 to F 0 along X .) Moreover, F 0 is a continuous degeneration
of F 1, if there exists F as above, for which the families ϕ = {ϕx : R → R}x∈U and ψ = {ψx : Λ1 →
Λ(x)}x∈U deﬁning isomorphisms F 1 ∼= F (x) , for x ∈ U , can be chosen in such a way that they are
geometric (in the sense of deﬁnition phrased in terms of regular families of linear maps). Finally, F 0
is a “ϕ-invariant” degeneration of F 1, if there exists a geometric family F as above, for which the pair
(ϕ,ψ) and the functors ϕx0 : R → R , ψx0 : Λ0 → Λ(x0) realizing the isomorphisms F 0 ∼= F (x0) can be
chosen in such a way that
ϕx•N ∼= N
for all x ∈ U ∪ {x0} and N in mod R .
Clearly, if F 0 is a degeneration of the functor F 1 then the ﬁnite locally bounded k-category Λ0 is a
degeneration of Λ1; in consequence, the algebra A(Λ0) is an idempotent rigid degeneration of A(Λ1)
(in the sense of 1.4, cf. [8]).
Proposition 2.3 yields immediately an alternative, in fact more intuitive deﬁnition of degeneration
of functors.
Proposition. A functor F 0 : R → Λ0 is a degeneration of a functor F 1 : R → Λ1 if and only if there exist an
irreducible aﬃne variety X, an open nonempty subset U ⊆ X with x0 ∈ X, and regular map c : X → lbcd(k),
where d = dimΛ0 (under some ﬁxed identiﬁcations obΛ1 = A = obΛ0), together with the family of functors
{F x : R → R(c(x))}x∈X , such that
(i) {F x}x∈X satisﬁes (i) (or equivalently, (ii)) from Proposition 2.3,
(ii) F 0 ∼= F x0 and F 1 ∼= F x, for every x ∈ U .
Let G ⊆ Autk-cat(R) be a ﬁxed a subgroup and F 0, F 1 a pair of G-functors. (As usually we assume
that G acts freely on ob R .) We can obviously consider degenerations of G-functors. Note that if F 0 is
a degeneration of F 1 then automatically all functors F (x) from the family F (−) , equivalently F itself,
are G-functors. In the situation as above, we say that F 0 is a G-invariant degeneration of F 1, if there
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isomorphisms can be chosen in such way that
ϕx ◦ g = g ◦ ϕx (∗)
for all x ∈ U ∪ {x0} and g ∈ G . Respectively, F 0 is a weakly G-invariant degeneration of F 1, if
ϕx•
(gN)∼= gϕx•N
for all x ∈ U ∪ {x0}, g ∈ G and N in mod R .
Remark. (a) Each G-invariant degeneration of G-functors is a weakly G-invariant degeneration of
G-functors.
(b) Each ϕ-invariant degeneration of G-functors is also a weakly G-invariant degeneration of G-
functors (see Corollary 2.4(b)).
(c) If a geometric family F : R → Λ together with families {ϕx}x∈U∪{x0} , {ψx}x∈U∪{x0} deﬁne a
degeneration of the (covering) functor F 1 : R → Λ1 to F 0 : R → Λ0 then F yields a degeneration
of functor F (x1) to F (x0) , where x1 ∈ U is arbitrarily ﬁxed. (For the required isomorphisms we can
take ϕˆ = {ϕx(ϕx1 )−1}x∈U , ψˆ = {ψx(ψx1 )−1}x∈U and ϕˆx0 = idR , ψˆx0 = idΛ(x0) .) It is easily seen that if
(F , {ϕx}x∈U∪{x0}, {ψx}x∈U∪{x0}) satisﬁes the condition of the deﬁnition of continuous (resp. ϕ-invariant,
G-invariant, weakly G-invariant) degeneration then so does (F , {ϕˆx}x∈U∪{x0}, {ψˆx}x∈U∪{x0}). The inverse
implication is valid only for the case of continuous degenerations (in the remaining cases one has ad-
ditionally to assume “nice” properties for ϕx1 and ϕx0 ).
2.5. Now we brieﬂy discuss the situation, where degeneration of covering functors is considered.
A geometric family F : R → Λ of functors is called a geometric family of covering functors, if F (x) :
R → Λ(x) is a covering functor, for every x ∈ X . We say that a covering functor F 0 is a covering
degeneration of a covering functor F 1, if F 0 is a degeneration of F 1 by certain geometric family F of
covering functors.
Lemma. Let X be an irreducible aﬃne variety. Assume that F 0 is a degeneration of F 1 by the geometric family
F : R → Λ of functors, where Λ is a ﬁnite locally bounded k[X]-category, and U ⊂ X is an open set as in the
deﬁnition of degeneration.
(a) F (y) is a covering functor, for some y ∈ X, if and only if F (x) is a covering functor, for every x ∈ U .
(b) If F (x) , x ∈ U , consists of covering functors and (ϕx,ψx), x ∈ U , is a collection of isomorphisms such that
ψx F 1 = F (x)ϕx for all x ∈ U , then the families ϕ = {ϕx}x∈U and ψ = {ψx}x∈U are geometric if and only
if one of them is geometric.
Proof. (a) We prove the nontrivial implication. Observe ﬁrst that by Lemma 2.3 and Proposition 2.3,
for a ﬁxed w ∈ ob R and a ∈ obΛ the family{
w( f x)a : ⊕
v∈F−1(a)
R(v,w) → Λx(a,b)
}
x∈X
,
of linear maps induced by the functors F (x) is regular, where b = F (w) (cf. 1.2). Moreover, for
x = y the map w( f y)a is invertible. Hence, from regularity of the family above the maps w( f x)a
are invertible for all x in the open subset U ′ = U ′(w,a) ⊆ X containing y, given by the condition
det(w( f x)a) 	= 0. Then U ∩ U ′ 	= ∅, since X is irreducible, and w( f x¯)a is invertible for some x¯ ∈ U . The
functors F (x¯) and F (x) are isomorphic, for all x ∈ U , so w( f x)a are invertible for all x ∈ U , in particular,
U ′ ⊃ U ∪ {y}.
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v∈F−1(a) R(w, v) → Λx(b,a), x ∈ U , induced by F (x) are isomorphisms, in particular, U ′′ ⊃ U ∪ {y}.
In consequence, F x is a covering functor, for every x ∈ U .
(b) Note ﬁrst that by Lemma 2.3(c), the family {ϕx}x∈U of endofunctors is geometric if and only if
each of the families {(ϕx)a,w :=⊕v∈F−1(a)(ϕx)v,w}x∈U of linear maps are regular, for all a ∈ obΛ and
w ∈ ob R . From the equality ψx F 1 = F (x)ϕx and the fact that always three of the four maps appearing
in the equalities (w( f x)a) ◦ (ϕx)a,w = (ψ x)a,b ◦ (w( f 1)a)
are isomorphisms depending regularly on x ∈ U , for all a ∈ obΛ and w ∈ ob R , where b = F (w), we
infer that the forth of them is also an isomorphism depending regularly on x ∈ U . Consequently, the
family {ϕx}x∈U is geometric if and only if so does the family {ψx}x∈U . 
Corollary. If F 0 is a covering functor then so is F 1; moreover, if additionally R is ﬁnite or dim X = 1 then F 0
is a covering degeneration of F 1 .
Proof. The ﬁrst assertion is obvious by the lemma. To prove the second we keep the nota-
tion from the previous proof. Note that under the additional assumption as above, the set V =⋂
w,a(U
′(w,a) ∩ U ′′(w,a)) is an open subset of X containing y = x0, where F (x0) ∼= F 0, since both
families, {U ′(w,a)}w,a and {U ′′(w,a)}w,a , consist of only ﬁnitely many pairwise distinct open sets.
Fix an aﬃne open neighborhood X ′ of x0 contained in V , of the form Xh := {x ∈ X: h(x) 	= 0}. Then
clearly the intersection U ′ := U ∩ X ′ is nonempty and {F (x)}x∈X ′ forms a geometric family of covering
functors, which yields the required covering degeneration of F 1 to F 0. 
Proposition. Let F 1 , F 0 be a pair of covering functors. F 0 is a degeneration of F 1 if and only if F 0 is a covering
degeneration of F 1 .
Proof. To prove the nontrivial implication assume that F , X,U , x0 are as in the deﬁnition of degener-
ation of F 1 to F 0. It is known that X contains always an irreducible aﬃne curve Γ such that x ∈ Γ
and U ∩ Γ is nontrivial (e.g. [21, Lemma]). Consequently, a degeneration of F 1 to F 0 can be realized
by the family {F (x)}x∈Γ . Now the assertion follows immediately from the corollary. 
The results above clarify basic elementary questions concerning degenerations of covering functors.
Now it is also clear that for coverings, similarly as for ordinary functors, we can freely consider all
special type degenerations introduced in 2.4, i.e. ϕ-invariant degenerations of G-covering functors,
G-invariant degenerations of G-covering functors, and so on.
2.6. Now we distinguish in terms of coverings certain new class of degenerations of algebras.
Deﬁnition. Let Λ0 and Λ1 be a pair of ﬁnite locally bounded k-categories. We say that Λ0 is a cover-
ing degeneration of Λ1, if there exists a locally bounded category R and covering functors F 1 : R → Λ1,
F 0 : R → Λ0 such that F 0 is degeneration of F 1. Moreover, Λ0 is a strong covering degeneration of Λ1,
if there exists a covering degeneration as above, which admits a realization by a geometric family
of G-covering functors F : R → Λ and families ({ϕx}x∈U∪{x0}, {ψx}x∈U∪{x0}) of isomorphisms satisfying
simultaneously the conditions from the deﬁnition of a continuous and ϕ-invariant degeneration.
Similarly, we say that an algebra A0 is a covering degeneration (resp., strong covering degeneration) of
an algebra A1, if there exits a pair Λ0, Λ1 of ﬁnite locally bounded k-categories such that A0 ∼= A(Λ0),
A1 ∼= A(Λ1) and Λ0 is covering degeneration (resp., a strong covering degeneration) of Λ1.
Clearly, if an algebra A0 is a covering degeneration of A1, then it is (idempotent) rigid degeneration
of an algebra A1.
The following result shows the importance of the introduced class of degenerations.
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ﬁxedZ-totally ordered group of automorphism of a locally bounded k-category R acting freely on ob R. Then F ′
admits a ϕ- and G-invariant continuous degeneration to the canonical Galois covering functor F¯ : R → R/G
such that the conditions of continuity, ϕ- and G-invariances are satisﬁed with respect to one and the same
geometric family F : R → Λ of functors and the system ({ϕx}x∈U∪{x0}, {ψx}x∈U∪{x0}) of isomorphisms, deﬁning
degeneration of F ′ to F¯ .
Proof. Denote by p : G → Z the surjective homomorphism as in the deﬁnition of an almost Galois
covering of integral type for F ′ . Then we have the Z-graduation on morphisms of R induced by the
selection of (ind R)0 and also for any pair a,b ∈ ob R ′ the transported via F ′ k-space decomposition
R ′(a,b) =⊕i∈Z R ′(a,b)i (see 1.3). We deﬁne the family {Λt}t∈k of k-category structures such that
obΛt := (ob R)0 and Λt(a,b) :=⊕g∈G R¯(a,b), for any pair a,b ∈ ob R ′ , with the compositions ◦t de-
ﬁned below.
For any t ∈ k∗ , denote by (ψ t
(a,b)) the family of k-isomorphisms ψ
t
(a,b) : R ′(a,b) → R ′(a,b), for
a,b ∈ ob R ′ , given by ψ t
(a,b)(α) := t|α|α, for homogeneous α ∈ R ′(a,b). Then we set
β ◦t α := ψ t(a,b)
((
ψ t(a,b)
)−1
(β) ◦R ′
(
ψ t(a,b)
)−1
(α)
)
for α ∈ Λt(a,b) and β ∈ Λt(b, c). It is clear that for each t ∈ k∗ , Λt it is well-deﬁned category and
the collection (ψ t
(a,b))a,b of maps yields the isomorphism ψ
t : R ′ → Λt of locally bounded categories,
moreover, Λ1 = R ′ and ψ1 = idR ′ . Observe also that if α = F ′(σ ) and β = F ′(τ ), with σ ∈ R(v¯, gw¯)
and τ ∈ R ′(w¯,hu¯), then we have
β ◦t α = F ′
(
g(τ ) · σ )+ ∑
i>|α|+|β|
ti−|α|−|β|γi (∗)t
where γi ∈ R ′(a, c) are homogeneous elements of degree i deﬁned for σ and τ as in Corollary 1.3.
To deﬁne ◦0, denote by ε(v¯,w¯) : (R/G)( F¯ (v¯), F¯ (w¯)) → R ′(F ′(v¯), F ′(w¯)), for any pair v¯, w¯ ∈ (ob R)0,
the isomorphism
(R/G)
(
F¯ (v¯), F¯ (w¯)
) ∼=←−⊕
g∈G
R(v¯, gw¯)
∼=−→ R ′(F ′(v¯), F ′(w¯))
induced by the covering functors F ′ and F¯ . We set
β ◦0 α := ε(v¯,u¯)
(
(ε(w¯,u¯))
−1(β) ◦R/G (ε(v¯,w¯))−1(α)
)
for homogeneous α ∈ R ′(a,b) and β ∈ R ′(b, c), with a = F ′(v¯), b = F ′(w¯) and c = F ′(u¯). Note that we
have
β ◦0 α = F ′
(
g(τ ) · σ ) (∗)0
where σ and τ are as in (∗)t , since
(ε(w¯,u¯))
−1(β) ◦R/G (ε(v¯,w¯))−1(α) = F¯ (τ ) ◦R/G F¯ (σ ) = F¯
(
g(τ )
) ◦R/G F¯ (σ ) = F¯ (g(τ ) · σ )
and ε(v¯,u¯)( F¯ (g(τ ) · σ)) = F ′(g(τ ) · σ). Moreover, Λ0 is well-deﬁned category and the collections
(ε(v¯,w¯)) of maps deﬁnes the isomorphism ε : R/G → Λ0 of locally bounded categories.
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of the homogeneous elements belonging to the images of the spaces R(v¯, gw¯) with g ∈ G , via the
functor F ′ , where F ′(v¯) = a and F ′(w¯) = b. Then for any pair α ∈ B(a,b) and β ∈ B(b, c) we have
β ◦R ′ α =
∑
γ∈B(a,c)
cγβ,αγ
for some uniquely determined scalars cγβ,α ∈ k such that cγβ,α 	= 0 implies |γ |  |α| + |β|. Let
cγβ,α(−) : k∗ → k be functions deﬁned by the formula cγβ,α(t) := t|γ |−|α|−|β|cγβ,α , for t ∈ k∗ . It is eas-
ily seen that for any t ∈ k∗ , the collection c(t) := (cγβ,α(t)) yields the structure constants of the
locally bounded category Λt with respect to the bases B(a,b) for a,b ∈ ob R ′ (see (∗)t ). Note that
each function cγβ,α(−) can be extended by applying the deﬁning formula as above to the function
cˆγβ,α(−) : k → k (cγβ,α = 0, if |γ |− |α|− |β| < 0). In particular, we have cˆγβ,α(0) = cγβ,α , if |γ | = |α|− |β|
and cˆγβ,α(0) = 0, otherwise. Hence, the collections (cˆγβ,α(0)) is just exactly the set of structure con-
stants for Λ0 with respect to the bases B(a,b), for a,b ∈ ob R ′ (see (∗)0).
It is now clear that the family {Λt}t∈k , more precisely the mapping t → cˆ(t) := (cˆγβ,α(t)), deﬁnes a
degeneration of a locally bounded category R ′ to R/G along the aﬃne line k (cf. [9, 2.5]). We extend
this degeneration to a degeneration of functors.
We deﬁne a family of functors {F t : R → Λt}t∈k . For a ﬁxed t ∈ k, we set F tob := F ′ob. To deﬁne
F t on morphisms recall that for a pair σ ∈ R(v¯, gw¯) and h ∈ G we have the canonical presentation
F ′(h(σ )) = F ′(σ ) +∑i>|σ | γi , where γi ∈ R ′(F ′(v¯), F ′(w¯))i (see 1.3). Then for any morphism h(σ ) ∈
R ′(hv¯,hgw¯) in R ′ we set
F t
(
h(σ )
) := F ′(σ ) + ∑
i>|σ |
t|τi |−|σ |γi .
First we show that F t as above yields a functor from R to Λt , for any t ∈ k∗ . For this aim consider
the family {ϕt : R → R}t∈k∗ of automorphisms of R such that ϕtob = idob, given as follows: for a ﬁxed
t ∈ k∗
ϕt(σ ) := t|σ |σ
where σ ∈ R(v,w) and v,w ∈ ob R . Due to the basic property of graduation, each ϕt is really a
functor, which by an obvious reason is an automorphism of R . Now it is easily seen that for every
t ∈ k∗ we have the equality
F t = ψ t ◦ F ′ ◦ (ϕt)−1.
In result, F t is a functor. Notice that F 0 is also a functor since F 0 = ε ◦ F¯ .
Now observe that for any σ ∈ R(v,w), with v,w ∈ ob R , the mapping t → F t(σ ) is regular. Con-
sequently, {F t}t∈k is a geometric family of functors (see Lemma 2.3 and Proposition 2.3). In fact, the
family {F t : R → Λt}t∈k (= F (−)) yields a degeneration of the functor F ′ to F¯ . Indeed, set U := k∗ ,
x1 := 1, x0 := 0, ϕ0 := idR , ψ0 := ε. From the previous considerations it follows immediately that the
families {ϕt}t∈k and {ψ t}t∈k deﬁne the isomorphisms F t ∼= F 1, for all t ∈ k∗ , and F 0 ∼= F¯ , required in
Deﬁnition 2.4.
Note that by the deﬁnition {ϕt}t∈k is a geometric family of functors, and that for any t ∈ k∗ the
equality ϕt ◦ g(−) = g(−) ◦ ϕt holds for all g ∈ G , since |gσ | = |σ | for all σ ∈ R(v,w) and g ∈ G .
Finally we show that the constructed degeneration is ϕ-invariant, more precisely that ϕt•N ∼= N , for
any N in MOD R , where t ∈ k∗ is arbitrarily ﬁxed.
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the formula
f tv = t p(g) · idN(v)
where v = g v¯ . Then f yields an isomorphisms from N to ϕt•N , since for any σ ∈ R(v,w) we have(
ϕt•N
)
(σ ) ◦ f tw = N
(
t|σ |σ
) ◦ t p(g2)idN(w) = f p(g1) ◦ N(σ ) = f tv ◦ N(σ )
where v = g1 v¯ and w = g2 w¯ . Consequently, ϕt•N ∼= N , for all t ∈ k, and the proof of the whole
theorem is complete. 
Corollary. If a ﬁnite locally bounded k-category R ′ admits an almost Galois G-covering functor F : R → R ′ of
integral type then R/G is a strong covering degeneration of R ′ .
3. Properties of ϕ-invariant degenerations
In this section we discuss the importance and meaning of the ϕ-invariance condition for degener-
ations of covering functors in various aspects: properties of endomorphism algebras (Theorem 3.1 and
Corollary 3.1), nice behavior of the push-down functors (Theorem 3.4 and Corollary 3.4) and stability
of the module variety dimensions under degeneration process (Theorem 3.5).
3.1. We start by formulating the main result of this section.
Theorem. Let X be an irreducible aﬃne variety, x0, x1 ∈ X arbitrary points, R a locally bounded k-category
and Λ a ﬁnite locally bounded k[X]-category. Assume that the geometric family of covering functors F : R →
Λ, with the collection (ϕx,ψx), x ∈ U , yields a degeneration of the covering functors F (x1) : R → Λ(x1) to
F (x0) : R → Λ(x0) , where an open subset U ⊆ X, x1 ∈ U and x0 ∈ X \ U are as in the deﬁnition. Then for any
N in mod R satisfying the condition:
ϕx•N ∼= N ∀x∈U (∗)
the algebra Ex0 := EndΛ(x0) (F
(x0)
λ (N)) is a degeneration of E
x1 := EndΛ(x1) (F
(x1)
λ (N)) in the classical sense,
provided dimk Ex1 = dimk Ex0 .
Before we prove the theorem (in 3.2), we show its interesting application.
Corollary. Let F 1 : R → Λ1 be an almost Galois G-covering of integral type and N be an R-module frommod R
satisfying the condition dimk EndΛ1 (F
1
λN) =
∑
g∈G dimk HomR(N, gN). Then the algebra EndR/G(F 0λN) is a
degeneration of the algebra EndΛ1 (F
1
λN) in the classical sense, where F
0 : R → R/G is the canonical Galois
covering, and EndΛ1 (F
1
λN) is representation ﬁnite (resp. tame), if so is EndΛ0(F
0
λN).
Proof. Due to Theorem 2.6, it suﬃces only to verify that for N as above the equality
dimk EndΛ1 (F
1
λ(N)) = dimk EndΛ0(F 0λ(N)) holds (see also Lemma 2.4(c) and Remark 2.4(c)). But under
our assumption, it follows immediately from the adjointness formula for the pair (F 0λ, F
0• ) of adjoint
functors and the formula F 0• F 0λN ∼=
⊕
g∈G gN . The last assertion is a consequence of Gabriel and Geiss
theorems [17,20]. 
Remark. If F 1 is as above, then for any N in mod R satisfying Ext1R(N,
gN) = 0 for all g ∈ G≺ e , we
have F 1• F 1λN ∼=
⊕
g∈G gN (see [9, Theorem 3.1(b)]). In consequence, applying for F 1 the arguments
analogous to those for F 0 in the proof, we obtain dimk EndΛ1 (F
1
λ(N)) =
∑
g∈G dimk HomR(N, gN)
(= dimk EndΛ0 (F 0λ(N))).
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Lemma. Let X be an irreducible aﬃne variety, R a locally bounded k-category together with ﬁxed bases Bv,w
of the radical spaces J (R)(w, v), for v,w ∈ ob R, and Λ a ﬁnite locally bounded k[X]-category. Given a geo-
metric family F : R → Λ of covering functors, the map
κN : X →modS(z)
deﬁned by the formula κN (x) = (F (x)• F (x)λ (N))|S , is regular for any pair (N, S) consisting of an R-module N in
mod R and a ﬁnite full subcategory S ⊆ R, where z = dim(F (x)• F (x)λ (N))|S .
Proof. Let R , Bv,w v,w ∈ ob R , Λ, F , N and S be as in the statement. We have to show that for any
v0,w0 ∈ ob S and α˜ ∈ Bv0,w0 coeﬃcients of the matrices of the linear maps
Nx(α˜) = F (x)• F (x)λ (N)(α˜) :
⊕
F v=F v0
N(v) →
⊕
F w=F w0
N(w)
x ∈ X , with respect to ﬁxed bases of the spaces ⊕F v=F v0 N(v) and ⊕F w=F w0 N(w), depend regularly
on x, where Nx = κ(x).
For any a,b ∈ obΛ ﬁx (arbitrarily) bases Ba,b of the free k[X]-modules J (Λ)(b,a). Denote by Bxa,b
the bases (1 +mx) ⊗ Ba,b of the radical spaces J x(b,a) = k[X]/mx ⊗ J (b,a) for the categories Λ(x) ,
where x ∈ X .
Recall that by the assumption on F , the map given by x → F (x)(α˜) is regular, for any α˜ ∈ J (v,w).
Moreover, note that the matrices of the linear maps
Mxb,v := F (x)| :
⊕
w/b
J (w, v) → J x(b,a)
induced by F (x) , in the bases
∐
w/b Bv,w , and Bxa,b , for x ∈ X , are invertible, and clearly they depend
regularly on x (see Proposition 2.3). Thus their inverse matrices also depend regularly on x ∈ X .
For any x ∈ X and α ∈ J x(b,a), a,b ∈ obΛ(x) , denote by αxv,w the coordinate of the element
(Mxb,v)
−1(α) belonging to the direct summand J (w, v), where J = J (R), F (v) = a and F (w) = b
(in fact, αxv,w = ·vαw for F (x) , see 1.2). In consequence, since (Mxb,v)−1 and F (x)(α˜) depend regu-
larly on x ∈ X , all coordinates of (F (x)(α˜))xv,w ∈ J (v,w) in the bases Bv,w , for v ∈ F−1(F (v0)) and
w ∈ F−1(F (w0)), also depend regularly on x ∈ X , for any v0,w0 ∈ ob R and α˜ ∈ Bv0,w0 as in the
beginning of the proof.
Now we can show the assertion. It only suﬃces to observe that for ﬁxed v0,w0 ∈ ob S , α˜ ∈ Bv0,w0 ,
the map Nx(α˜) in a block form looks as follows[
N
(
F (x)(α˜)x(v,w)
)]
v∈F−1(F (v0)),w∈F−1(F (w0)),
so by regularity of the maps x → F (x)(α˜)x(v,w) , depends also regularly on x ∈ X . 
Proof of Theorem 3.1. Let N be an R-module satisfying the assumptions. Set S := suppN . We show
that there exists an algebraic family c : X ′ → algs(k) such that A(c(x′0)) ∼= Ex0 for some x′0 ∈ X ′ and
A(c(x′)) ∼= Ex1 for all x′ from some dense open subset U ′ ⊆ X ′ , where s = dimk EndΛ(x ) (F (x0)λ (N)).0
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where Ex := EndΛ(x) (F (x)λ (N)) for x ∈ X . On the other hand, by deﬁnition of the functor F (x)λ , each Ex
is a subalgebra of the ﬁnite dimensional algebra
E :=
⊕
v∈ S¯
Homk
( ⊕
w∈Sv
N(w),
⊕
w ′∈Sv
N
(
w ′
))=∏
v∈ S¯
Endk
( ⊕
w∈Sv
N(w)
)
where Sv = S ∩ F−1(F (v)) for v ∈ S , and S¯ is a ﬁxed set of representatives of pairwise different sets
of the form Sv . (Note that Sw = Sv if and only if F (w) = F (v), and that S = ⋃˙w∈ S¯ Sw .) We construct
the required algebraic family indicating ﬁrst certain locally closed subset of X ′ ⊆ X (in fact open) such
that x0 ∈ X ′ and X ′ ∩U is dense in X ′ , and next deﬁning the collections Bx = (b1(x), . . . ,bs(x)), x ∈ X ′ ,
consisting of s linearly independent vectors in E , with the following properties:
• Bx ⊆ Ex and Bx is a basis of Ex (so dimk Ex = s), for every x ∈ X ′ ,
• the structure constants c(x) of the multiplication ·x = ·|E×E in the algebra Ex , with respect to the
basis Bx , depend regularly on x ∈ X ′ .
Note that the family c(x), x ∈ X ′ , as above, automatically yields a degeneration Ex1 to Ex0 ∼= A(c(x0)),
since Ex1 ∼= A(c(x)) for every x ∈ U ∩ X ′ and U ∩ X ′ is dense in X ′ .
We start by considering the vector space
E ′ :=
⊕
v∈S
Homk
(
N(v),
⊕
w ′∈Sv
N
(
w ′
))=⊕
v∈ S¯
⊕
w∈Sv
Homk
(
N(w),
⊕
w ′∈Sv
N
(
w ′
))
.
Clearly, E ′ is canonically isomorphic to E and the canonical isomorphism ω : E ′ → E just induces the
isomorphism
HomR
(
N, F (x)• F
(x)
λ (N)
)∼= EndΛ(x)(F (x)λ (N))
which yields an adjointness of the pair (F (x)• , F (x)λ ) of functors, for any x ∈ X . Recall that for any N ′ in
Mod R we have
HomR
(
N,N ′
)∼= Hom Ŝ(N |̂S ,N ′|̂S)
and Hom Ŝ (N |̂S ,N ′|̂S ) ⊆
⊕
v∈S Homk(N(v),N ′(v)), since N(v) = 0 for all v ∈ Ŝ \ S . In consequence, we
obtain
HomR
(
N, F (x)• F
(x)
λ (N)
)∼= Hom Ŝ(N |̂S , F (x)• F (x)λ (N)|̂S)⊆ E ′.
Fix bases Bv,w of the radical spaces J (w, v), for v,w ∈ ob R , where J = J (R). We set B :=∐
v,w∈ Ŝ Bv,w and Hv,w := Homk(N(v),
⊕
w ′∈Sw N(w
′)), for any pair v,w ∈ ob R . Now we deﬁne the
map
θ : X → Homk
(⊕
v∈S
Hv,v ,
⊕
w,w1∈ Ŝ
⊕
σ∈Bw,w1
Hw,w1
)
,
by setting for x ∈ X
θ(x) := (θσ (x))
σ∈B
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θσ (x)( f ) = f (w1) ◦ N(σ ) − F (x)• F (x)λ N(σ ) ◦ f (w),
for f = ( f (v)) ∈ ⊕v∈ Ŝ Hv,v (Hv,v = 0, for v ∈ Ŝ \ S). Note that θ(x)( f ) = 0 if and only if f ∈
Hom Ŝ (N |̂S , F
(x)• F (x)λ (N)|̂S ); or equivalently, ω( f ) ∈ EndR(F (x)λ (N)). Moreover, the map θ is regular, since
by the previous lemma the mapping x → F (x)• F (x)λ (N)|̂S is regular. In particular, ﬁxing the “standard”
bases B′ of the space E ′ (= E) and B′′ of H :=⊕w,w ′∈ Ŝ⊕σ∈Bw,w1 Hw,w1 , the linear maps θ(x),
x ∈ X , can be treated as a collection Mx ∈ Me×d(k) of matrices depending regularly on x, where
d = dimk E , e = dimk H , and such that the null space of each Mx coincides with Ex . The mapping
x → dimk Ker θ(x) is upper-semicontinuous, so the set V := {x ∈ X: dimk Ex  s} is open in X , and
clearly V ⊇ U ∪ {x0}. On the other hand, since X is irreducible, Y := {x ∈ X: dimk Ex  s} is a closed
subset of X and U ⊆ Y , we have dimk Ex  s, for every x ∈ X . Hence, dimk Ex = s, for every x ∈ V .
Clearly, V = ⋃h∈D Xh is a union of the open aﬃne subsets Xh = {x ∈ X: h(x) 	= 0}, where D
consists of all regular functions on X deﬁned by the choice of a (d − s) × (d − s)-minor in the
e × d-matrices Mx , x ∈ X . Set X ′ := Xh0 , where h0 ∈ D is such that h0(x0) 	= 0. Then the maps
b1, . . . ,bs : X ′ → E (= kd) deﬁning (in terms of 1h0(x) ), by Cramer’s formulas, the standard basis of
the null space of Mx , for x ∈ X ′ , are regular. Since clearly U ∩ X ′ 	= ∅, it remains only to prove regu-
larity of the family c(x), x ∈ X ′ , of structure constants for the multiplications ·x in Ex , with respect to
bases Bx = (b1(x), . . . ,bs(x)).
Let B′ = (b′1, . . . ,b′d) be as above and i1, . . . , is denote the consecutive indices of all rows in the
matrices Mx , which do not “intersect” (d− s)× (d− s)-submatrix deﬁning the minor function h0. Then
for any x ∈ X ′ , the equality
d∑
i=1
νib
′
i =
s∑
j=1
μ jb j(x)
always implies μ1 = νi1 , . . . ,μs = νis , where μ1, . . . ,μs, ν1, . . . , νd ∈ k. Moreover, by regularity of the
maps b1, . . . ,bs and the deﬁnition of matrix multiplication, it follows immediately that for ﬁxed 1
j, j′  s, all coeﬃcients νi(x) in the presentation
b j(x) · b j′(x) =
d∑
i=1
νi(x)b
′
i
depend regularly on x ∈ X ′ . Since b j(x) · b j′ (x) ∈ Ex , we infer by the previous observation that b j(x) ·
b j′ (x) =∑sj=1 νi j (x)b j(x), for all x ∈ X ′ . In consequence, the structure constants c(x), x ∈ X ′ , depend
regularly on x and the proof is complete. 
3.3. The following fact shows that the property of being invariant with respect to a family of
R-automorphisms for an individual R-module extends, under some extra assumptions, to its whole
Auslander–Reiten component.
Proposition. Assume that V is an aﬃne irreducible variety, R a locally bounded k-category and ϕ := {ϕx :
R → R}x∈V a geometric family of automorphisms R, satisfying the following conditions:
(i) ϕx1 = idR , for some x1 ∈ V ,
(ii) ϕxob R = idob R , for every x ∈ V .
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module N such that ϕx•N ∼= N for all x ∈ V , then for any module M from C the isomorphism ϕx•M ∼= M holds
for all x ∈ V .
Proof. It suﬃces to show that if a module N from the component C is invariant with respect to
the action of the automorphisms ϕx• , for x ∈ V , then all its direct successors and predecessors in C
have also this property. We only show that this holds for successors of N , the case of predecessors is
analogous.
Let N1, . . . ,Ns be all (pairwise nonisomorphic) direct successors of the module N in C . Since N is
ϕ-invariant and ϕx• are automorphisms of the category mod R , so for every x ∈ V , the R-module ϕx•Ni
is a direct successor of the module N , for any i = 1, . . . , s. Observe that by regularity of the family
{ϕx}x∈V the mapping x → ϕx•Ni yields a regular function
ηi : V →modR(z).
Fix i and consider the sets
V j :=
{
x ∈ V : ϕx•Ni ∼= N j
}
for j = 1, . . . , s. Clearly, V j = η−1i (ON j ), where ON j denotes the orbit of N j with respect to the
action , so the sets V j are pairwise disjoint. Moreover, V = V1 ∪ · · · ∪ Vs and Vi 	= ∅, since x1 ∈ Vi .
It suﬃces to show that all the sets V j , j = 1, . . . , s, are closed, since V is irreducible and then V = Vi .
For this aim observe ﬁrst that for any M ∈modR(z), the orbit OM is a closed subset in the set Xm ,
for m = dimk EndR M , where
Xm′ :=
{
M ′′ ∈mod(z): dimk EndR M ′′ =m′
}
for any m′ ∈ N. (The inclusion OM ⊆ Xm is obvious.) The closeness of OM in Xm is a result of the
equality
OM =OM ∩Xm
which follows, since for M ′ ∈ OM \ OM we have dimOM′ < dimOM , and hence dimG(z)M <
dimG(z)M′ , so by the equalities dimG(z)M′ = dimk EndR ,M ′ and dimG(z)M = dimk EndR M , we im-
mediately get M ′ /∈Xm .
To complete the proof note that ηi(V ) ⊆ Xmi , where mi = dimk EndR Ni , since EndR(ϕx•(Ni)) ∼=
EndR(Ni). In consequence, the sets V j = η−1i (ON j ), j = 1, . . . , s, are closed and we are done. 
Corollary. If under assumptions (i) and (ii) on the family ϕ , a connected component C of ΓR contains a simple
(resp. projective, injective) module then the assertion of the proposition holds.
Remark. Due to the last result, one can treat Theorem 3.1 as a certain generalization of the well-
known result [2, Corollary 5.2] of Bongartz and Gabriel (for algebras of ﬁnite representation type). In
the general case, assuming additionally that F is a continuous covering degeneration, one can replace
3.1(∗) by the condition claiming that all indecomposable direct summands of the R-module N belong
to “nice” (i.e. such as in the corollary above) components C of ΓR . (By Remark 2.4 we can always
assume that ϕx1 = idR and ψx1 = idΛ(x1) , moreover, that U = Xh , for some regular function h.) Note
that, if R is a connected locally bounded category of locally representation-ﬁnite type then clearly
there exists exactly one component in ΓR and it is automatically “nice”.
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phism F ′λ(N) ∼= F ′λ(gN) holds for all g ∈ G (always in the Galois covering case). The result below is
crucial in our further considerations.
Lemma. Let R be a locally bounded category and z ∈Nob R a ﬁxed ﬁnite dimension vector. Then for any n ∈N,
the set
Un :=
{(
M,M ′
) ∈ Wn: M ∼= M ′}
forms an open subset of the set Wn, where
Wn :=
{(
M,M ′
) ∈modR(z) ×modR(z): dimk HomR(M,M ′)= n}.
Proof. Set Ŝ := ŝupp z, where z is as above. Then Ŝ is a ﬁnite full subcategory of R and in this
situation the variety modR(z) can be identiﬁed with mod Ŝ(z). In this way we may assume that R is
ﬁnite.
Let A = A(R) be a (basic) k-algebra associated to R (see 1.1). We apply the canonical embedding
modR(z) ↪→modA(|z|). Fix a basis B = {a1, . . . ,as} of A. Then setting
W :=modR(z) ×modR(z)
we deﬁne the regular map
M : W × Endk
(
k|z|
)→ (Endk(k|z|))s
whose components are given by the formula Mi(N,N ′, f )(v) = f (N(ai)(v)) − N ′(ai)( f (v)), for i =
1, . . . , s, where (N,N ′) ∈ W , f ∈ Endk(k|z|) and v ∈ k|z| . (Here, N and N ′ are treated as A-module
structures on k|z| .) Clearly, if N and N ′ are ﬁxed, the map
M
(
N,N ′,−) : Endk(k|z|)→ (Endk(k|z|))s
is linear and kerM(N,N ′,−) = HomA(N,N ′) = HomR(N,N ′). Thus, the equality dimk HomR(N,N ′) =
n holds if and only if r(M(N,N ′,−)) = |z|2 − n.
Fix n and set r := |z|2 − n. Then the sets
Vi, j :=
{(
N,N ′
) ∈ Wn: det(M(N,N ′,−)i, j) 	= 0}
form an open covering of Wn , where (i, j) run over all pairs of the sequences of indices 1 i1 < · · · <
ir  s|z|2; 1 j1 < · · · < jr  |z|2, deﬁning r× r-minors of the (s|z|2 ×|z|2)-matrix M(N,N ′,−) of the
linear map M(N,N ′,−), with respect to the standard bases of the spaces Endk(k|z|) and (Endk(k|z|))s .
To prove that Un ⊆ Wn is open, we show that all the sets Un ∩ Vi, j are open. We use the technique
similar to that from the proof of Theorem 3.1.
Fix an r × r-minor given by (i, j). Finding, for any pair (N,N ′) ∈ Vi, j , a general solution of the
linear system given by the equality
M
(
N,N ′,−)( f ) = 0,
expressed in terms of Cramer’s formulas with respect to the minor det(M(N,N ′,−)i, j), we obtain the
regular map
χ : Vi, j × kn → Endk
(
k|z|
)
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χ
(
N,N ′,−) : kn → Endk(k|z|)
yields a linear isomorphism kn ∼= HomA(N,N ′). Thus
Vi, j ∩ Un =
{(
N,N ′
) ∈ Vi, j: ∃ f ∈HomA(N,N ′) det f 	= 0}
= {(N,N ′) ∈ Vi, j: ∃v∈kn detχ(N,N ′, v) 	= 0}
=
⋃
v∈kn
{(
N,N ′
) ∈ Vi, j: detχ(N,N ′, v) 	= 0}.
Hence, by regularity of the maps det(χ(−,−, v)) : Vi, j → Endk(k|z|), v ∈ kn , the set Vi, j ∩ Un is a
union of open sets, so it is open, and the proof is complete. 
For a functor F ′ : R → R ′ , we denote by f = f (F ′) : Nob R0 → Nob R
′
0 the associated map given by
f (z)(a) =∑x∈F ′−1(a) z(x), for z ∈Nob R0 and a ∈ ob R ′ .
Theorem. Let R be a locally bounded k-category, and G ⊆ Autk-cat(R) a group of automorphisms acting freely
on ob R. Assume that F 0 : R → Λ0 and F 1 : R → Λ1 is a pair of G-covering functors such that F 0 is a ϕ-
invariant degeneration of F 1 . If for N in mod R
F 0λ
(gN)∼= F 0λ(N)
for a ﬁxed g ∈ G, and additionally F s•F sλN ∼=
⊕
g′∈G g
′
N for s = 0,1; then
F 1λ
(gN)∼= F 1λ(N).
Proof. Let X be an aﬃne variety, U ⊆ X an open subset, x0 ∈ X a ﬁxed point and {F (x) : R → Λ(x)}x∈X
a family of G-functors, which together with the families of isomorphisms {ϕx : R → R}x∈U∪{x0} ,{ψx : Λ1 → Λ(x)}x∈U∪{x0} , realize a ϕ-invariant degeneration of the functor F 1 to F 0. Applying the
arguments as in the proof of Proposition 2.5, one can assume that X is an aﬃne irreducible curve
(even nonsingular) such that x0 is a unique point in X \ U . Clearly, Λ(x0) is a degeneration of the
locally bounded category Λ(x1) , for a ﬁxed x1 ∈ U . Then by [8, Proof of Theorem 5.1] there exists a
locally bounded k-category Λ′ and a geometric family of full k-functors {px : Λ′ → Λ(x)}x∈X such that
obΛ′ = obΛ and pxobΛ′ = idobΛ′ . In this way for any N in modR(z), we obtain the regular map
ξN : X →modΛ′(z¯)
given by ξN (x) = px•F (x)λ N , where z¯ = f (z) for f = f (F (x0)).
Fix a module N and g ∈ G satisfying the assumptions. Set
nx := dimk HomΛ′
(
ξg N(x), ξN (x)
)
for any x ∈ X . Observe that by the assumptions, applying Lemma 2.4(b),(c) to the equalities ψ x0 F 0 =
F (x0)ϕx0 and ψx F 1 = F (x)ϕx , for x ∈ U , we obtain F (x)• F (x)λ (N) ∼=
⊕
g′∈G g
′
N , for every x ∈ X = U ∪ {x0},
since ϕx•(N) ∼= N implies ϕx•(g′N) ∼= g′N , for all g′ ∈ G (see Corollary 2.4(b)). Consequently, for any
x ∈ X the equalities
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(
ξg N(x), ξN (x)
)= dimk HomΛ(x)(F (x)λ (gN), F (x)λ (N))
= dimk HomR
(gN, F (x)• F (x)λ (N))= dimk HomR(gN,⊕
g′∈G
g′N
)
hold, so {nx}x∈X is a constant sequence.
Set n := nx0 and consider the regular map
ξ : X → Wn
given by the formula ξ(x) = (ξg N(x), ξN (x)), where
Wn =
{(
M,M ′
) ∈modΛ′(z¯) ×modΛ′(z¯): dimk HomA(M,M ′)= n}
(ξ is correctly deﬁned!). Then by the lemma above V := ξ−1(Un) is an open subset of X . Moreover,
V contains x0 (so is nonempty), since by Corollary 2.4(b) applied to the equality ψ x0 F 0 = F (x0)ϕx0
and the assumptions we have F (x0)λ (
gN) ∼= F (x0)λ (N). Thus U ∩ V 	= ∅, since X is irreducible.
Fix x ∈ U ∩ V . Since F (x)λ (gN) ∼= F (x)λ (N), so applying Corollary 2.4(b), now to the equality ψx F 1 =
F (x)ϕx , we obtain the required isomorphism F 1λ(
gN) ∼= F 1λ(N). 
Corollary. If F 1 : R → Λ1 is a G-covering of integral type then for any R-module N in mod R such that
F 1• F 1λN ∼=
⊕
g∈G gN (cf. also Remark 3.1), the isomorphism
F 1λ
(gN)∼= F 1λ(N)
holds for all g ∈ G.
Proof. Follows immediately from Theorem 2.6 (cf. [9, Theorem 3.1(b)]). 
3.5. The result above yields a stability of the module varieties dimensions during degeneration
process for some dimension vectors, in case of strong covering degenerations (cf. [10, Theorem 2.2]).
Let F ′ : R → R ′ be a covering functor and {Bx,y}x,y∈ob R (resp. {Ba,b}a,b∈ob R ′ ) a ﬁxed family of bases
of the spaces J (R)(y, x)x,y∈ob R (resp. J (R ′)(b,a)a,b∈ob R ′ ). Then for any a,b ∈ ob R ′ , the set {F ′(α˜): α˜ ∈∐
y∈F ′−1(b)Bx,y} forms another base of J (R ′)(b,a). Hence, for any vector z ∈Nob R0 we have the regular
map
f z = f z
(
F ′
) :modR(z) →modR ′( f (z))
deﬁned by setting f z˜((Mα˜)) = (Mα), with
Mα =
[ ∑
α˜∈Bx,y
cxα˜,αMα˜
]
y∈F ′−1(b), x∈F ′−1(a)
∈M f (z)(b)× f (z)(a)(k)
for α ∈ Ba,b , a,b ∈ ob R ′ , where (cxα˜,α) for a ﬁxed x ∈ F ′−1(a) is uniquely determined by the equality∑
α˜∈∐
y∈F ′−1(b)Bx,y c
x
α˜,α
F ′(α˜) = α, and f = f (F ′). Observe that we have F ′λ(M˜) = M , where M˜ is an
R-module determined by (Mα˜) ∈modR(z˜) and M is an R ′-module determined by (Mα) ∈modR ′ (z).
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mod1R ′(z) :=
⋃
z˜∈ f −1(z)
G(z) 
(
f z˜
(
modR(z˜)
))
,
and
mod1R ′(z, t) :=mod1R ′(z) ∩modR ′(z, t),
where t ∈ N. The introduced sets consist of all modules of the ﬁrst kind (in the sense of [15]) with
respect to F ′ contained in modR ′ (z) (respectively, in modR ′(z, t)), and they form dense subcategories
in the full subcategory of mod R ′ consisting of all ﬁrst kind modules with the dimension vector z
(respectively, of all ﬁrst kind modules with the dimension vector z, whose endomorphism algebra
have at least the dimension t).
Theorem. Let Λ1 and Λ0 be a pair of ﬁnite locally bounded k-categories such that Λ0 is a degeneration
of Λ1 under some ﬁxed identiﬁcation (•) : obΛ1 = obΛ0 . Assume that there exist a locally bounded k-
category R and Z-totally ordered group G ⊆ Autk-cat(R) acting freely on ob R such that Λ0 and Λ1 admit
G-covering functors: F 1 : R → Λ1 being an almost Galois of integral type and F 0 : R → Λ0 a Galois one,
such that F 1ob = F 0ob (under (•)). Set f := f (F 1) = f (F 0). If z¯ ∈ NobΛ0 is a ﬁnite dimension vector such
that Ext1R(N,
gN) = 0 for all g ∈ G≺e , for any indecomposable N in mod R satisfying f (dimN)(a) z¯(a) all
a ∈ obΛ0 , then for any t  1 we have:
dimmod1Λ1(z¯, t) = dimmod1Λ0(z¯, t);
moreover,
dimmodΛ1(z¯, t) = dimmodΛ0(z¯, t),
if additionally R is locally-support ﬁnite and G acts freely of ind R.
Proof. Fix z¯ as in the assumption. Observe that by [9, Theorem 3.1(b)] (see also Remark 3.1), Corol-
lary 3.4 and [10, Remark 2.2(a)], the vector z¯ satisﬁes the conditions (∗) and (∗∗) from [10, Theo-
rem 2.2]. In consequence, we obtain automatically the ﬁrst equality from the assertion. The second
one follows now immediately from [10, Theorem 2.3]. 
Remark. (a) The functor degeneration technique allows not only to show the ﬁrst equality, which
earlier seemed to be unavailable, but also to prove the second one under much weaker assumptions,
comparing to those from [10, Theorem 2.3].
(b) We strongly believe that applying the methods developed recently in [22] one can prove the
assertion of the theorem without the “Ext-vanishing” condition.
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